FAULHABER’S COEFFICIENTS: EXAMPLES

PETRO KOLOSOV

ABSTRACT. Examples of Faulhaber’s coefficients as per Johann Faulhaber and sums of

powers [1].

1. INTRODUCTION

The work Johann Faulhaber and sums of powers [I, p. 16] provides the following identity
for sums of odd powers
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where A"™ are Faulhaber’s coefficients, and v = n? + n. For every r > m or r < 0
the coefficients A are zeroes. In Knuth's notation, the sigma ¥n?"~! denotes the sum
of powers Yn?m-! = 12m-1 4 92m=1 4 .. .p2m=1 " Consider the equation above with the

summation limits defined explicitly
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where u = p? 4+ p. As expected, the power sum > ?_, k*™*! has a closed form polynomial in

p, which corresponds to Faulhaber’s formula. The coefficients A" are defined by
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For example,
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Table 1. Faulhaber’s coeflicients A,(Cm) .

In its explicit form the sum of odd powers is
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Consider the examples of power sums for various values of m, while setting u = p? + p
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Mathematica functions to validate, see this GitHub repository

e FaulhaberCoefficients[n,k] validates the coefficients A&m)
e FaulhaberSum[p,m] validates the identity >-b_ k*"~ ' = L "1 A (p? 4 pym=r

e Sum0f0ddPowers [p, m] power sum y r_, k*™!, the result matches with >-¢_ k*™~! =

1 Z;ﬂ:—ol Agm) (p2 + p)mT
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