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Abstract. This manuscript establishes an odd-power identity expressed through matrix

multiplication. Specifically, we demonstrate that a 1×1 matrix with an entry a1,1 = N2M+1

can be represented as the product of three matrices: JN , KN,M , and TM , as follows[
N2M+1

]
= JN ×KN,M ×TM

Here, JN denotes a unit row vector of dimension 1 × N , KN,M is an N ×M matrix, and

TM represents a column vector of dimension M × 1.
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Definitions

• JN – unit row vector of all 1’s having the dimension 1×N . For example,

J5 =
[
1 1 1 1 1

]
• KN,M – matrix of dimension N ×M defined by

KN,M = (kr(N − k)r)0≤k≤N, 0≤r≤M

For example, given N = 4

K4,M =



00(4− 0)0 01(4− 0)1 02(4− 0)2 · · · 0M(4− 0)M

10(4− 1)0 11(4− 1)1 12(4− 1)2 · · · 1M(4− 1)M

20(4− 2)0 21(4− 2)1 22(4− 2)2 · · · 2M(4− 2)M

30(4− 3)0 31(4− 3)1 32(4− 3)2 · · · 3M(4− 3)M

40(4− 4)0 41(4− 4)1 42(4− 4)2 · · · 4M(4− 4)M


• TM – column vector of dimension M × 1 defined by

TM = (AM,r)M=const, 0≤r≤M

where AM,r is a real coefficient [1, 2, 3, 4]. For example, given M = 3

T3 =



1

−14

0

140


1. Introduction and main results

Let be a definition of the coefficient Am,r.
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Definition 1.1. (Definition of coefficient Am,r.)

Am,r =


(2r + 1)

(
2r
r

)
if r = m

(2r + 1)
(
2r
r

)∑m
d≥2r+1Am,d

(
d

2r+1

) (−1)d−1

d−r
B2d−2r if 0 ≤ r < m

0 if r < 0 or r > m

(1.1)

Let be a theorem that states the odd-power identity

Theorem 1.2. For every n ≥ 1, n,m ∈ N there are Am,0,Am,1, . . . ,Am,m, such that

n2m+1 =
n∑

k=1

m∑
r=0

Am,rk
r(n− k)r

where Am,r is a real coefficient defined recursively by (1.1).

Proof. The proof is given in [1, 2]. □

Therefore, the claim that a 1×1 matrix with an entry a1,1 = N2M+1 can be represented as

the product of three matrices: JN , KN,M , and TM is essentially the odd-power identity (1.2)

expressed through matrix multiplication.

Theorem 1.3. For every integers N, M[
N2M+1

]
= JN ×KN,M ×TM

2. Examples

42·3+1 =
[
1 1 1 1

]
·



30 31 32 33

40 41 42 43

30 31 32 33

00 01 02 03


·



1

−14

0

140


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42·4+1 =
[
1 1 1 1

]
·



40 41 42 43 44

60 61 62 63 64

60 61 62 63 64

40 41 42 43 44

00 01 02 03 04


·



1

−120

0

0

630


3. Conclusions

In this manuscript we have successfully established an odd-power identity expressed

through matrix multiplication. Specifically, we demonstrate that a 1 × 1 matrix with an

entry a1,1 = N2M+1 can be represented as the product of three matrices: JN , KN,M , and

TM , as follows [
N2M+1

]
= JN ×KN,M ×TM

Here, JN denotes a unit row vector of dimension 1×N , KN,M is an N ×M matrix, and TM

represents a column vector of dimension M × 1.
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