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ABSTRACT. In this manuscript, we provide and discuss another approach to get derivative
of odd-power such that is based on an identity in partial derivatives in terms of polynomial

function f, defined as

fy(z, 2) = Z Z Ay E(x—k)"

k=1r=0

where z, 2z € R, y is fixed constant y € N and A, , are real coefficients.
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1. INTRODUCTION AND MAIN RESULTS

This manuscript provides another approach to get derivative of odd-power, that is an

approach based on partial derivatives of the polynomial function f,(z,z) defined as
z oy
folwoz) =) ) Ay K (z— k)
k=1 r=0
where z,2 € R, y is fixed constant y € N and A, , are real coefficients. The essence of
the approach we discuss is build on an identity in terms of sum of partial derivatives of the
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polynomial function f,. The function f, is defined by the main results of the manuscript [1]
that explains an odd-power in a form as follows
nom
n?" =3 "N " Ak (n = k) (1)
k=1 r=0
where m is fixed constant m € N, n € N and A,, , are real coefficients defined recursively,
see [2]. We define the function f, such that based on the identity (1) with the only difference
that values of n,m in the right part of (1) appear to be parameters of the function f,. In
contrast to the equation (1), upper bound n of the sum )"}, turned into fixed function’s

parameter y as well. Let the function f, be defined as follows

Definition 1.1. (Polynomial function f,.)

z Yy
folw,2) = Y Ay k(@ — k) (2)
k=1 r=0
where z,z € R and y is constant y € N. Note that for every x € R and constant y € N

the polynomial identity satisfies

fylz,z) = AR

At first glance, the definition (2) might look complex, so in order to clarify the function
fy and polynomials it produces, let there be a few examples. Substituting the values of

y =1,2,3 to the function f, we get the following polynomials in z, 2

fi(z,2) = 3xz — 32° + 322 — 22°
fo(x,2) = 5222 — 1502% + 15027 + 102° — 3022° + 102°2° + 152* — 1522" + 62°
fa(x,2) = —Twz + 1422 + 722 — 4222° + 352°2% + 282° — 1402%2% + 702° 2% + 17522*

—210222% + 35232 — 702° + 21022° — 84x2%2° — 702° + 7022% — 2027
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These polynomials are obtained by rearranging the sums in the definition (2) as

So that part Y ,_, k"(z — k)" is polynomial in z, z calculated using Faulhaber’s formula [3].
According to the main topic of the current manuscript, it provides another approach to get
derivative of odd-power. Therefore, we define odd-power function we work in the context of.

The odd-power function g, is a function defined as follows
Definition 1.2. (Odd-power function g,.)

gy (LIZ) — $2y+1

where x € R and y is constant y € N. The Interesting part is that odd-power function
gy(z) may be obtained as a partial case of the function f, for z = z. Also, the ordinary
derivative of odd-power %gy evaluate in point v € R may be obtained as a sum of partial
derivatives of f, evaluate in point (u,u). We explain this further in the manuscript. One
more important thing remains to conclude is to define partial derivative’s notation. More
precisely, the following notation for partial derivatives is used across the manuscript and

remains unchanged

Notation 1.3. (Partial derivative.) Let be a function f(xy,xa,. .., x,) defined over the real

space R™. We denote partial derivative of the function B with respect to x; as follows

, Blxy, Toy .. xi+ Axy,y oy xy) — Bx1, 29, ..., )

= |
B, Aaggo Ax;
Partial derivative of the function f3,, with respect to x; evaluate in point (y1,¥2,...,Yn) €

R"™ is denoted as follows

ﬁlxi(ylvy% s 7yn>

Moreover, partial derivative ﬁ;i evaluate in point (y1,ys, ..., y,) € R"™ plus partial derivative

B;:j evaluate in point (y1,%2,...,yn) € R™ is equivalent to the sum of partial derivatives
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ﬁ;i + ﬁ;j evaluate in point (y1,¥s,-..,yn) € R™ and to be denoted as

5;1-@1,92, s 7yn) + ﬂ;j(ylay% s 7yn) = [ﬁ;z + 5;]-](3/17?/27 s 7yn)

So that now we can switch our focus back to the functions g, and f,. Therefore, the following
theorem in terms of partial derivatives reflects the relation between the ordinary derivative

of odd-power function g, and function f,

Theorem 1.4. Let be a fized point v € N, then ordinary derivative d%gv(u) of the odd-
power function g,(z) = 2> evaluate in point u € R equals to partial derivative (f,). (u,u)

evaluate in point (u,v) plus partial derivative (f,),(u,u) evaluate in point (u,u)

o) = (£ (o) + (o)., 0) g

In particular, it follows that for every pair v € R, v € N an identity holds

20+ 1) = (o), (u,u) + (fo).(u, u)
= [(fo)n + (fo)2](u,w)

that is also an ordinary derivative of odd-power function t>**!, v € N, v = const evaluate

in point v € R, therefore

£t2v+1(u) _ (fv);@% u) + (fv);(u, u)

dt
= [(f)o + (fu):](uw)

To summarize and clarify all about the theorem 1.4, we provide a few examples that show

an application of it.

Example 1.5. Theorem 1.4 example for x € R, z € R and y = 1. Consider the explicit

form of the function fi(x, z), that is

fi(z,2) = 3x2 — 32% + 322* — 22°
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Therefore, the partial derivative (f;), with respect to  equals to

3dz + 3dz?

7 =32+ 322

Consider the partial derivative (f;), with respect to z, that is

(f )/ 1 —3d? — 2d3 + 3dx + 3d?x — 6dz — 6d%z + 6dxz — 6d2?
Uz = 2% d

= lim [-3d — 2d* 4 3z + 3dz — 6z — 6dz + 6z — 62°]

d—0

=31 — 62 + 622 — 62
Summing up both partial derivatives (f,),, and (f1)., we get
(f1)s + (f1), = 3 — 32 + 6z — 327

Evaluating in point (u,w) yields

L) = [(f)l + (1))t w) = 3

dt
That confirms the results of the theorem 1.4.

Example 1.6. Theorem 1.4 example for x € R, z € R and y = 2. Consider the explicit

form of the function fy(x, z), that is
folw, 2) = 5Pz — 1522% + 150227 + 102° — 3022° + 102%2° + 152* — 1522* + 62°
Therefore, the partial derivative (f,), with respect to  equals to

fo)r = lim [5dz 4 102z — 1522 + 15d2% 4 30222 — 302° 4 10d2° + 2022 — 152*
T ds0
—

= 10zz — 1522 + 30222 — 302> + 20223 — 152*
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Consider the partial derivative (f), with respect to z, that is
(f2), = 5a* — 302z + 302”2 + 3027 — 90227 + 302%2° + 602° — 60z2° + 302*
Summing up both partial derivatives (f5),, and (f2),, we get
(f) + (fo), = 5a* — 20xz + 3022z + 1527 — 60z2” + 302222 + 302° — 4022° + 152*

Evaluate in point (u,w) yields

@15y = (o) + (f2).) (s u) = 50"

dt
That confirms the results of the theorem 1.4.

Example 1.7. Theorem 1.4 example for z € R, z € R and y = 3. Consider the explicit

form of the function f3(x, z), that is

f3(x,2) = —Twz + 1422 + 72* — 4222° + 352°2% + 282° — 1402%2° + 702° 2% + 17522*

— 210222 + 352321 — 702° + 21022° — 842%2% — 7025 + 7022° — 2027
Therefore, the partial derivative of (f3),, with respect to = equals to

(fs), = =77z + 281z — 422% 4+ 1052222 — 280x:2° + 2102%2° + 1752% — 420x2*

+ 10522 4 2102° — 168z2° + 702°
Consider the partial derivative (f3), with respect to z, that is

(fs), = =Tz + 142° + 142 — 84z + 702° 2 4 8427 — 4202222 4 2102° 22 + 70022

— 8402223 + 1402323 — 3502* + 105022* — 42022 2% — 4202° + 4202:2° — 1402°
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Summing up both partial derivatives (f3),.(x, z) and (f3).(x, 2), we get

(f3)o 4+ (f3). = =T + 142% + 7z — 5622 4 702°2 4 422% — 3152222 4 2102° 22
+42022% — 6302222 + 1402323 — 1752* + 63022* — 315222% — 2102°

+ 25222° — 7028

Evaluate in point (u,u) yields

d

%ti”(u) = [(fg); + (]03);](“7 u) — 7ub

That confirms the results of the theorem 1.4.

2. CONCLUSIONS

In this manuscript, we have reviewed an approach to get ordinary derivative of odd-power
using an identity in partial derivatives of the function f, evaluate in fixed point (u,u) € R%,
that is described by the theorem 1.4. The main results of the manuscript can be validated

using Mathematica programs available online at [1].

3. VERIFICATION OF THE RESULTS

As it is stated in conclusions, there is a possibility to validate the main results of this
manuscript using Wolfram Mathematica. Therefore, a complete guide to validate the main
results and formulae is attached as well. Mathematica package source file is available online

under the folder mathematica, see [1]. The following expressions could be verified:

e The function f,(x,z) for any constant argument y € N using mathematica method

flx, y, z] eg.

flx, 1, z] =322z — 322+ 3x2% — 223
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e Partial derivative (f,). for any constant argument y € N using mathematica method

DerivativeFByX[x, y, zl]
DerivativeFByX[x, 1, z] =3z + 322

e Partial derivative (f,), for any constant argument y € N using mathematica method

DerivativeFByZ[x, y, zl]
DerivativeFByZ[x, 1, z] =3x — 6z 4 62z — 62>
e Theorem 1.4 for any constant argument y € N

DerivativeFByX[x, 1, z] + DerivativeFByZ[x, 1, z] = 3z — 3z + 6xz — 327

DerivativeFByX[u, 1, ul] + DerivativeFByZ[u, 1, u] = 3u?
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